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The method of images in shear flow

By M. B. GLAUERT

Department of Mathematics, University of Manchester
(Received 20 May 1960)

The method of images is used to determine the flow perturbation eaused by a
small point source of fluid in a stream containing a vortex sheet, a number of
vortex sheets, or a continuous two-dimensional distribution of vorticity. Calcula-
tions are carried out for a variety of such shear flows, to illustrate the range of
applicability of the method.

The image source distribution provides an alternative approach to that
given by Lighthill for calculating small disturbances to a parallel shear flow,
and suggests a simple physical picture by which to interpret the complicated
effects associated with the distortion and stretching of vortex lines.

1. Introduction

Much attention has recently been paid to the problem of calculating the effect
of disturbances to a non-uniform stream of fluid containing vorticity. The
flow is assumed to be steady and incompressible and viscous effects are neglected.
The purely two-dimensional case is relatively simple, since the vortex lines
remain straight and unstretched, but for three-dimensional disturbances the
distortion of the vortex lines creates problems of an entirely different order of
difficulty, even if the undisturbed stream is two-dimensional.

One approach has been to consider that the vorticity is small, and that its
effect may be represented as a ‘secondary flow’ produced by the convection of
the vorticity by the ‘primary flow’, that which would occur if stream vorticity
were absent. Harlier work on these lines has been extended by Lighthill (1956,
1957a, b) by making use of the concept of the ‘drift’ of material fluid surfaces,
discussed by Darwin (1953).

A second approach is to study small three-dimensional disturbances to a two-
dimensional parallel stream or shear layer, without making any assumption
that the stream vorticity is small. Lighthill (1957¢) has examined the funda-
mental disturbance solution, that due to a small point source, and has shown that
an equation for the velocity perturbation may be obtained by taking the Hankel
transform of the Orr-Sommerfeld equation which governs small inviscid dis-
turbances to the shear flow. The effects of more complicated small disturbances
may be found by suitably differentiating and superposing such fundamental
solutions. A basic assumption is that the source causes only a small proportionate
change in velocity, and consequently the method cannot be applied for shear -
layers in which the stream velocity falls to zero at any finite point. Lighthill
gives a very full account of the background to the problem, and obtains a great
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deal of valuable information about the solutions of his equation in various cases.
In particular he shows that difficulties as to the nature of secondary flow solutions
can be resolved by matching the secondary flow at large distance from an
obstacle to the form of the small-disturbance solution at small distance.

This paper describes an alternative theory to Lighthill’s for deriving the per-
turbation due to a small source. The shear layer is replaced by a number of layers
of uniform flow, separated by vortex sheets. It is shown that the effect of the
vortex sheets can be represented by a series of image sources, and that when the
number of sheets tends to infinity and their spacing tends to zero a continuous
image source distribution is obtained, applicable to the continuous shear layer.
The restrictions on the validity of the equations are precisely the same as in
Lighthill’s approach, and the majority of the chief deductions of each method
of analysis can be obtained by the other, in complete accord with one another in
all cases.

However, the development of this alternative theory justifies itself on a
number of grounds. Each of the theories may serve to stimulate development
in the other, and there are important results on each side which have not yet been
proved by means of the rival theory. In addition, the image system is helpful in
indicating a simple physical model of the flow in a disturbed shear layer. It is
not easy to visualize in detail the effect of the stretching and bending of vortex
lines, and meditating on the image source distribution may lead to a better
understanding of phenomena for which untutored physical intuition provides no
clear guide.

2. Single vortex sheet

Consider an unbounded volume of homogeneous incompressible fluid such
that, with Cartesian co-ordinates (z,y, z), the fluid in y > 0 (the upper region)
has uniform velocity U, in the z-direction and in y < 0 (the lower region) has
uniform velocity U, in the same direction. Thus y = 0is a vortex sheet of strength
U, — U,. Suppose that there is a three-dimensional point source of fluid of small
strength M at the point O in the lower region, at a distance % from the interface.
Let us try to find the effect of this source by use of the method of images.

We postulate that the flow perturbation in the lower fluid is that due to M
itself together with a source m, (¢ for image) at O,, the mirror image of O in the
interface y = 0, and that the perturbation in the upper fluid is that due to a
source m, (¢ for transmitted) at O. There can of course be no source at 0, for the
flow in the upper region, since there is no actual singularity at this point. This
representation will be legitimate only if the necessary conditions at the interface
can be satisfied by a suitable choice of the values of m, and m,. These conditions
are that the pressure shall be continuous, and that continuity shall be satisfied,
which requires that the displacement of the interface in the y-direction be the
same in the two regions.

Let the perturbation velocity at (z, y, z) be (%, v, w) and suppose that the source
M is so small that on the interface squares and products of «,v and w may be
neglected. Then by Bernoulli’s equation the first of our conditions requires that
over theinterface, for equal increments of pressure in the two regions, Uyu, = Uyy,,
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where the suffixes 0 and 1 indicate the lower and upper regions respectively.
For small disturbances this condition may be applied on y = 0, the undisturbed
interface, and it is satisfied by our image source distribution provided that

UM +m;) = Uym,, (2.1)
At a fixed position the displacement of a streamline due to & small source is
inversely proportional to the stream velocity, and hence our second condition is
satisfied if M—m, _m
Uy U
An alternative method of obtaining (2.2) is to interpret the continuity condition
as requiring that the flow directions in the upper and lower fluids shall be com-
patible at the interface, and so v/U must be continuous.
From equations (2.1) and (2.2) we obtain
U - U 20,5,
s = —_— = e gnd _M, 2.
me= g o = (o) =
Certain special forms of these expressions are of interest. For a free surface
aty =0, U, = 0 and we have

my — — M, 2 — O. (2.4)

(2.2)

This is a familiar result, used in the theory of wind-tunnel interference. The case
of a solid boundary at y = 0 is obtained by putting U, = oo, since the upper fluid
then has infinite momentum and so no displacement of the interface can occur.
We then have m; =M, m=0. (2.5)
This value of m, is well known from the elementary theory of the method of
images, and is valid no matter how large the value of M.

An immediate practical application of the type of analysis we have been using
concerns the effect at large distance of a small point source M at the origin in a
shear layer of limited width. Suppose that the stream velocity varies from U_,
to U, the stream velocity at the level of the source being Uj,. For numerically
large values of y the shear layer may be treated as a single vortex sheet. Above
thelayer the flow perturbation is that due to a source m,, and below the layer that
due to a source m_,, each source being at the origin. As in (2.1), pressure con-
tinuity along the vortex sheet requires

mU =m_jU,. (2.6)

The fluid from the source flows downstream to form a tube of cross-sectional
area M|U,, and displaces the surrounding stream surfaces outwards by this
amount. Equating this to the displacements in the upper and lower fluids due to
the effective sources, we have
M m m_
it S M 8 2.7
T, = 2U +5 .’ (2.7)
since in each case only half the flux from the source enters the appropriate region.
This equation takes the place of (2.2). From equations (2.6) and (2.7) we obtain
2U, U_2 2U2 U, |
=M = e M. 2.8
™ O " T O O =8
38-2
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By use of his Hankel transform method, Lighthill (1957 c) obtained the same
result, though with greater labour, and he also found the effective displacements
of the sources m, and m_, from the plane y = 0. The present analysis, which was
briefly mentioned by Lighthill, has no obvious extension which would enable
these displacements to be calculated.

3. Multiple vortex sheets

‘We now consider a flow in which there are a number of vortex sheets in planes
y = constant, separating layers in each of which there is a uniform stream in the
a-direction. By taking the vortex sheets to be sufficiently numerous and closely
spaced we shall then be able to deduce results applicable to a shear flow, with
continuously varying velocity.

Assume that the vortex sheets are spaced at equal intervals & and that the
perturbing source M, at y = 0, is at a point midway between two of the sheets.
Let U, be the stream velocity in the rth layer, with centre at y = 6. In this 7th
layer, we shall seek to represent the flow perturbation as that due to a set of

image sources m, ,, s = 0, +1, +2, ..., where s indicates the layer in the centre
of which the image is located, all the images being on the line in the y-direction
through the source M.

The conditions which must be satisfied at the interface between the rth and
(r+ 1)th layers are that the pressure perturbation and the interface deflexion
shall be consistent on the two sides, precisely as for equations (2.1) and (2.2).
Furthermore, since sources at different distances produce effects which vary in
different manners over the interface, the set of sources at each particular distance
must satisfy the conditions separately. Thus for the sources at a distance (k—}) ¢
from the interface we require

Umy i+ My pi1) = Uppd(Meriq o+ Mg r k1) (3.1)
1 1

ﬁ (mr, rk — My, r—k+1) = []4_1 (mr+1, r+k mr+1,r—k+l)' (3'2)
r r

Eliminating m,., , 4., and m, .., respectively, we may replace (3.1) and (3.2)
by the equivalent pair of equations

([]1-+12 + []’_2) mr,r+k = ([]r+12 - Urz) mr, r—k+1 + 2[]r+1 []rmr+1,r+k’ (33)
G2+ 02) Myiyr i1 = 20, Uy gy — (Uni® - UMy, pine (3.4)

In addition, from the known presence or absence of sources in the layers them-
selves,
myo=2M, and m,,=0 (r=+0). (3.5)
Equation (3.5) gives the terms of the array m, , on the principal diagonal, and
in equations (3.3) and (3.4) the terms on the right are (k — 1) steps from the princi-
pal diagonal while the terms on the left are k steps away. Hence the calculation
of the terms m, , may be carried stage-by-stage away from the principal diagonal,
by taking successively k = 1, 2,3, ....
It is possible to obtain a relation between four neighbouring image sources
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by elimination between (3.3) and the forms of equations (3.3) and (3.4) with r
replaced by r—1 and & by k£ — 1. The result is

2U.U._ 20, U U+ U,_2 U, 2+ U2
2_: z 12””1-—1,3—1"' gﬂwr_zmr+1,s+1 = r2— 4 lzmr,s——1+ r+12_ rzmr,s+1'
Uy Tt U] T, T T,

This equation may also be used to calculate successively the sources m, ,.

Certain general points are worth attention. As is readily proved from (3.3)
and (3.4) by induction over k, m, , depends only on the terms on the principal
diagonal between m, , and m, , inclusive, where u,v = r + |r —s|; indeed it is a
linear combination of these terms. It follows from (3.5) that

m,,=0 for |r—s|<r. (3.7)

Thus for the flow in any layer there are no image sources nearer than the source
M itself. An immediate consequence of (3.3) and (3.4) is that if U, = U,,,, then
M, s = M, 4 and hence as expected the image pattern is the same in the two
layers. Near the principal diagonal non-zero images occur only for small values
of r, and their strengths depend on the distribution of stream velocity near M
itself. It is interesting to compare this with one of Lighthill’s main deductions;
that when expanded in powers of distance from the source the first-order per-
turbation is just the source flow itself, and the second-order perturbation depends
only on the velocity and shear at y = 0.

4. Continuous velocity distribution

For a flow in which the stream velocity U in the x-direction is a continuously
varying function of y, equations for the image source distribution representing
the effects of a small source M at the origin may be deduced from the analysis
of the last section, by taking the layer thickness & to be small, and replacing
U, and m, , by U(y) and m(y, s). Thus at the point (z, y, z) the perturbation to the
flow is determined by a source distribution along the y-axis, of strength per unit
length m(y, s) at (0, s, 0).

In equations (3.3) and (3.4) we replace U,.,—U, by U’S, where the dash
denotes differentiation, and ignore §2. Each equation leads to

om U’

5;(.%3) +7m(y,2y-——s) = 0. (4.1)
To obtain an equation for m(y, s) alone, replace s by 2y —s in (4.1), giving

om U’

Em (4, 2y —8) + mly, 8) = 0. (4.2)

Here the first term is to be interpreted as the value of (/dy) m(y, s) at the point
(y, 2y — s) in the ys-plane. Differentiation of (4.1) with respect to ¥ and s respec-
tively gives

o*m U’ ue U’ om U’ om
a—yz(y,SH(ﬁ—W) m(y,2y—8)+7@(y, 2y—8)+ 2o (4:2y—8) =0,

(4.3)
2m U’ om
393 (y,8) ~T% (¥,2y—s) =0, (4.4)

’ ’
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and substitution in (4.3) from equations (4.1), (4.2) and (4.4) leads to the required
equation for m(y, s)

o#m _om (U U™\om U™?

ST T I Dbl ——m = 0. .

ar + ayas+(U U') sy e =0 (4.5)
This is the fundamental equation for the source function. It may also be deduced
directly from (3.6). We are interested in solutions for which m = 0 on the line
y = s, except for a singular source M at y = 0, i.e.

lim ) m(0,s)ds = M, or m(0,8) = Ms). (4.6)

e—~>0J -

\\\y

F1aure 1. The regions I and II in the ys-plane in which the image
source distribution m(y, 8) is non-zero,

Equation (4.5) is a hyperbolic equation, with characteristics s — 2y = constant
and s = constant, and we may conveniently introduce characteristic variables

E=08-2y, p=s (4.7)
The effects of the source M are therefore confined to the two regions I (§ > 0,
7 > 0)and IT (£ < 0, 7 < 0), as shown in figure 1. This is as was to be anticipated
from (3.7). The equation (4.5) may be solved separately for the two regions,
though the solutions are connected by (4.1), which relates conditions at a point
in I to conditions at a point in II.

As regards the boundary conditions which apply along the boundaries £ = 0
and g = 0, it is clear from (4.1) with s = 0 and (4.6) that there is a singular source
of constant strength M &(s) along the whole of the y-axis, since m is finite on the
line s — 2y = 0. Consider next (4.1) with s constant, equal to 2y, > 0, and inte-
grate with respect to y over a short interval including y = y,. Since m = 0 for
Y > ¥y, the left-hand side gives —m(y,, 2y,). The right-hand side gives -

tim 2 ) [ iy, 26000 = 42 7 (33).

—€
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The required boundary condition at £ = 0 in I is therefore

miy,29) = 4M T (4) (7> 0). (48)

A similar calculation shows that the corresponding boundary condition at
E=0inTlis e
m(y, 2y) = —3M 5 (y) (1 < 0). (4.9)

The boundary conditions at 7 = 0 are now given by a further application of
(4.1). In1, y < 0 on ¢ = 0 and hence we have

mwo-s(T €0, (410

on making use of (4.9), as is appropriate since the point (y,2y) is in II. The
corresponding condition at # = 0in IT is

0 U’
S 0.0 = &M{ y)} (€ < 0). (4.11)

These conditions (4.8)—(4.11) are sufficient for the complete solution of (4.5).
To be precise, they should be interpreted as giving the limiting values as the boun-
dary is approached from within the region in question, since m is discontinuous
or singular on the boundary. It is easy to write down integrated forms of (4.10)
and (4.11) which give m(y, 0) directly, since m(0,0) is known from equations
(4.8) and (4.9), but the forms given are usually the most convenient.

Before proceeding further we must refer to an important point in regard to
the velocity field which corresponds to the source distribution. For uniform flow
with velocity discontinuities, as considered in §3, the perturbation velocity
presents no difficulties, being merely that due to the set of image sources appro-
priate for the particular layer. But for a continuously varying stream the velo-
city field due to the source distribution m(y,s), —o0 < s < 0, is not the whole
perturbation velocity. The stream surface at (2, ¥, z) has been displaced a distance
d, say, in the y-direction from its undisturbed position, and in consequence the
stream velocity at (z,y,z) is that at (z,y —d,2) in the undisturbed flow. Thus
there is an additional perturbation velocity in the z-direction of amount
u, = —dU’, since d is small for a weak source. Now we may write

d= +dz, (4.12)

since the perturbation is small and hence

ou,, U’
U= =77 _w'vd =TT (4.13)

The velocity given by (4.13) makes a contribution to the continuity equation

ou ov ow

e = 14
8x+8y+az 0 (4.14)
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which must be satisfied everywhere except at the origin. This at first looks
unpromising, but it is soon apparent that the velocity field due to the image
sources themselves does not satisfy (4.14). The flow due to a fixed set of sources
would of course do so, and the displacements which determine du/ox and ow/oz
do not involve any change in the source distribution. But a displacement in the
y-direction does cause the image system m(y, s) to alter, and so 0v/oy contains an
extra, unbalanced, term. We can show that this term is precisely that needed to
cancel the contribution from (4.13).
Due to the image sources, the velocity in the y-direction at (z, y, z) is

v = f " m(y,s)-’iﬂ_—p‘:ds, (4.15)

—a0

where p is the distance between the points (0, s, 0) and (z, ¥, z). The unbalanced
term in ov/oy is that due to the variation of m(y, s), namely

® om
| weld- Uf miy, 2y—5) 4%
U (?/, 1) $1
=%:_v (4.16)

by (4.1), where s; = 2y —s and p, is the distance between (0,s,, 0) and (z, ¥, 2).
This is the required result, and confirms the consistency of our equations.

It may be remarked that all our analysis may be applied immediately to the
simpler problem of a purely two-dimensional disturbed flow. If the point
source M at the origin is replaced by a line source of strength M per unit length
along the z-axis, the strength of the image source distribution m(y, ) has precisely
the same form as for the three-dimensional flow with the same stream velocity
U(y), since all the conditions used in deriving the equations for m(y, 8) are un-
changed. The velocity field is of course different, since the velocity due to each
source element falls off like the inverse first power instead of the inverse square
of the distance from the source.

A further point of interest concerns the nature of the fluid emitted from the
source. In the discrete-layer model of the shear flow described in § 3, the fluid from
the source emerges into a layer of uniform stream velocity, and naturally is itself
irrotational. The source is not affected by the limiting process in which the
layers become increasingly narrow and numerous, and so in the consinuous-
velocity flow the source fluid is still irrotational. In two-dimensional perturbed
flow with constant verticity w,, this is not always assumed to be the case. It is
then often convenient to write down a solution for the velocity field which
has vorticity w, everywhere, including the regions occupied by fluid which has
emerged from a source. Such solutions are therefore not immediately comparable
with the results of the present theory.

In this paper we shall make no further reference to the case of purely two-
dimensional disturbed flow. The calculation of the corresponding velocity field
presents no new difficulties.
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5. Special solutions

Further progress can be made only with more definite assumptions about the
form of the stream velocity distribution U(y). We shall here concentrate chiefly
on simple shear flow, for which U = a(y +¥,), but first we shall briefly investigate
what other velocity distributions are tractable.

First, we may note that (4.5)is unchanged if U(y) isreplaced by U*(y) = 1/U(y),
and hence the same general solution m(y, s) is applicable. The boundary con-
ditions (4.8) and (4.9) change sign, but not conditions (4.10) and (4.11), and so
the particular solution required will be different.

The form of (4.5) is simplified in three cases. These are when the coefficient
of m is zero, when the coefficient of om/dy is zero, and when the equation can be
immediately integrated with respect to y. We shall examine each of these in turn,
and shall find that the special cases considered by Lighthill (1957¢) will all be
included.

The term (U’%/U2)m in (4.5) is small compared with the other terms when
the relative velocity change through the sheer layer is small. If this term is
neglected (4.5) becomes

0 0 U om 0 U om
(@A-Za—é)log(U, 3 ) = 2 1 (U’ ay) 0, (6.1)

on introducing the characteristic variables (4.7). Hence

om U’

U
i T FE) =7 Fls—2y), (6.2)

where F(£) is an arbitrary function. In region I, (4.10) shows that

F(—29) = 1M 0 ).

Equation (5.2) can now be integrated with respect to y to give

m = G(s)+3IM f 7 (t)— (t—3s)dt. (5.3)

From (4.8) the arbitrary function G(s) satisfies

G(2y) = 4M 7 @),

The solution for region I is therefore

[ i [
m=<}M%(§s)—1}M ) U(t)g (t—3s)dt. (5.4)

In region II, the boundary conditions (4.9) and (4.11) show that the required
expression for m is that of (5.4), with the sign changed.

The solution may be improved by using (5.4) to approximate to the neglected
term in (4.5). The integration to find the extra contribution to m is quite straight-
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forward, and the boundary conditions have already been satisfied exactly. The
result for region I is

om U Wy U bU' ey v
=g Goge-ia- df (t+u—3o) 7 () e

v

&sU' by v, U
+ df 7 (utv—19) dufuw-hU()U(t u)d. (5.5)

v

In region II the sign is changed. The process of successive approximation may be
repeated as often as required.

Lighthill (1957 ¢) considered a shear layer with what he ca,lled small velocity
spread’, and obtained the equivalent of the first term of (5.5) in the form
m = 3MU’'(4s)/U(0). A direct application of the formulae of §2 leads to this
result, and indeed also to the fuller result (5.5), and is of interest as indicating
the physical significance of the successive terms in the solution.

Suppose that the shear layer is replaced by N layers of uniform flow, each of
thickness 4, separated by vortex sheets each of strength O(e) U, where ¢ is small.
From (2.3) the transmitted source at one of the vortex sheets is M{1+ O(e?)}, and
hence from the source at the origin to the observation point (z, y,2) the trans-
mitted source is changed to M{1+ O(Ne?)}. The shear layer may be considered
to be the limiting case where & — 0, N — o0 and ¢ - 0, the total velocity change
of magnitude O(Ne) U remaining fixed. The source M is therefore transmitted
unaltered. From (2.3) the image source m; due to a velocity discontinuity keU
passing through (0,,0), where I > y > 0, is m; = M{ke+ O(€®)}. These images
sources m, are spaced at intervals 24 along the y-axis, and so the source density
at (0, 21, 0) is approximately Mke/28. Now as é - 0, ke/é - (U’/U) (I), and hence
the sources m,; combine to form the distribution m(y,s) = $M(U’|U) (3s),
$ > 2y, exactly as given by the first term of (6.5). For 0 < I < y there is no image
source m; and for [ < 0 there is agreement in region II, as is seen most easily by
reversing the direction of the y-axis.

The primary images m; which are appropriate at (0,¢, 0) will have secondary
images in the vortex sheet passing through this point, provided that they are
on the same side of the sheet as the observation point (, y, z). The total strength
of the primary images is O(Ne) M, and hence the set of secondary images in the
N discontinuities has total strength O(N2?) M. If the relative velocity spread
across the layer is small, Neis small, and only the primary images are of itport-
ance. This is in accord with Lighthill’s result. The source density due to the
secondary images may be shown to agree with the second term of (5.5), by an
extension of the analysis given above. That the velocity discontinuities are
appropriately situated is seen by constructing diagrams as shown in figure 2,
considering the image sources to be due to reflexions in the vortex sheets. Further
diagrams and calculations check that the later terms of (5.5) correctly represent
the effects of third- and fourth-order images. The physical 1nterpreta,t10n of the
terms in the series solution (5.5) is thus well established.

If the velocity is uniform outside the range —a < y < b, the primary images
are clearly confined to the interval —2a < s < 2b, and the secondary images are
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confined to —2(a+b8) < 8 < 2(a+1b), for otherwise the corresponding integrand
in (5.5) is nowhere non-zero. In each case there are no sources in the range
|s—y| < y. Similarly, the third-order images are confined to

—4a0—2b < 8 < 2a+4b,

and the fourth order to —4(a+b) < s < 4(a+b). These results are also readily
deduced from diagrams like those of figure 2.

(i)

Figure 2. Illustrations of the location of primary and secondary images of the point
gource M at the origin, as observed at P(z, y, 2z): (i) & primary image with & > 2y > 0;
(ii) a primary image with 8 < 0; (iii) a secondary image. , paths of reflexion;
————— , vortex sheets at which reflexion takes place.

In the second case we are to examine, the coefficient of om/dy in (4.5) is zero.
This occurs when U’|U = U”|U’,i.e. when U = ae??, where a and A are constants.
This case proved easy to solve by Lighthill’s method. Equation (4.5) reduces to

%m 02m

—— —— — 2 =
5 +28yas A2m =0, (6.6)
which in terms of the variables (£, %) of (4.7) becomes
o'm o,
4@7+/\m_o. (5.7)
The boundary conditions (4.8) and (4.10) in region I give
m(0,7) = $MA, m(£,0) = $MA(1—JAL). (5.8)

The required solution of (5.7) is readily deduced from the form of solution given
by Courant & Hilbert (1937, ch. v, §4.3). It is

2m

2 = Jo(AEknh) — Gy, (Agkyh)
= Ji{A(s— 2yt gt} — (s — 2yt s {A (s — 2y o2}, (5.9)

For region II the boundary conditions (5.8) have their signs changed, and re-
membering that £ and # are negative the solution is seen to be

2 A= O (=B~ (= O (=) LA B (— )

= —J{A2y -t (—o)} 2y~ (—s) P h{A2y — 9t (—9)}}.  (5.10)
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The velocity distribution corresponding to this source distribution may be
worked out by precisely the same techniques as those employed in §6, and the
author has confirmed that the formulae given by Lighthill (1957 ¢) are obtained,
on making use of standard integral relations between Bessel functions.

The third special case is that in which (4.5) is immediately integrable with
respect to y. For this to be possible

d (U’ U”) U/2

w\T 7)o
U/r U//z UIII
and hence vt = 0. (5.11)

This is satisfied if U” = 0, which is simple shear flow U = a(y+y,). If U” % 0,
(5.11) multiplied by U’/U"” may be integrated to give

log (UU'|U") = constant. (5.12)
A further integration gives
U' =c+dU?, (5.13)

where ¢ and d are constants. The integral of this equation takes one of the forms
U = a(y+y,), a/(y+yo), atanb(y+y,), atanhb(y+y,), acothb(y+y,). For all
these velocity distributions the integration of (4.5) proceeds in a manner closely
analagous to that for simple shear flow, to be treated in §6. It may be verified
that for the stream U = atanh b(y +y,) the solution in region I is

sinh b(2y — s 4+ ¥,)
sinh by, sinh 2b(y + ¥,)’

m = (5.14)
in region IT the sign being reversed. By suitable modifications of the constants a
and b the solutions for the other streams listed above may now be written down.

It may be argued that some of these velocity distributions are unrealistic, in
view of the occurrence of points at which the velocity changes sign or becomes
infinite. However, it is possible to consider that a form of velocity distribution
holds only over a limited range of y, as will be seen in §7.

6. Simple shear flow
For simple shear flow, U = a(y + y,) and equation (4.5) becomes

o02m o02m 1 om 1

-+ + —— - m=20 6.1
0y*  0yds y+yo 0y (y+¥%) ©1
This may be integrated immediately with respect to y to give
m 2L ™ _ ). (6.2)

% s yTu
In terms of the variable (£, 7) of (4.7) this may be written in the form

2 58;, {m(y+y0)} = (y+ o) G(3)- (6.3)
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The boundary conditions (4.8) and (4.10) in region I are

- _ M
m(y, 2y) = m(0,9) = 7190 (6.4)
om _ aﬁ _ M
ay (?/, 0) - ay (gs 0) (y+yo)z’ (65)

and by applying (6.4) to equation (6.3) on the line § = 0 we see that G(s) = 0.
We can therefore integrate (6.3) with respect to 7 to obtain

m(y+y,) = F(£) = F(s—2y). (6.6)

P(x, 3, %)

Fieure 3. Location of the image sources m(y, s), and notation used in
calculating the velocity components.

On the line s = 0, (6.5) gives
M M(2y+y)

m(y,0) = —— = (6.7)
%.0) Yo 2¥+%) 2Yo(y+Yo)
since, from (6.4), m(0, 0) = }M [y,. Hence from (6.6)
M(2y —s+y,)

m=———"", 6.8
290(y + o) ©

In region I the sign is changed in equations (6.4) and (6.5), and hence

M(2y —s+4,)

m-=-——--—-—--- 6.9
2Yo(y + o) (©9)

Note that (6.8) is equal to the limiting value of (5.14) as b - 0.

Consider now the velocity perturbation at the point P(z, y, z) due to a source M
at the origin. The image source strength m(y, s) at (0, s, 0) is given by (6.8) and
(8.9). Fory > 0 the situation is as shown in figure 3. It is convenient to introduce
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co-ordinates 8 and ¢ as shown, to describe the positions of the image sources in
regions I and II respectively. Thus

0=8—y, ¢=y-—s. (6.10)
In terms of these, equations (6.8) and (6.9) become

2yym _ 1 0

— (7} ,
u Y+ w>y (6.11)
ym _ '
M - y+y0 (¢>y)

Pairs of points at which # and ¢ are equal are symmetrically situated with re-
spect to P, and hence the sources corresponding to the terms 1 and —1 in (6.11)
have no net effect on » and w, and equal effects on ». Similarly, the other terms of
(6.11) have no net effect on », but equal effects on » and w.
The contribution to v from the source distribution (6.11) is
0 0
M 7 6 M [1] M

PV, = — B — = — = —
Yo J, 4mp® 47y, amy,r’

8

Ply
where p = (224 62+22)} is the distance of the image source from P, and
r = (22 +y?+2%)}. There is also the velocity due to the source M itself, giving
vy = My/(4mr3). The total y-component of the perturbation velocity is therefore

v=vM+vs=%(y——Lr). (6.13)

Similarly the z-component due to the source distribution is

M ® oz Mz
%= _yo(y+yo)f,, e = " amyy+vor
the integral being of the same form as that occurring above, and uy, = Mz/[(4n73).
We have also to include the convective component u, as given by (4.13). This
equation shows that
ou, v M y 1
oz y+y,  4mly+y,) (r_*’_?/;?) ’
_.4”(;1 7 {(yzf_yzz)r—%log (r+x)+f(y, z)}. (6.15)
The arbitrary function f(y,z) presents difficulties, since log(r+2) becomes
logarithmically infinite at = + co. If we require %, to be zero at = 0, then
we should write f(y, 2) = (1/2y,)log (¥%+2?%), and

(6.12)

(6.14)

and hence U, =

U = Up+ U T U,
_ M { z x _ xy + 1 oz +x
N N L RS R PN TR N T F
Finally, w has precisely the same form as u, except that no convective term is

present, and so M

2 <
w= 4_77{;'3—?/0(?/'*'?/0)7}. (8:17)

}. (6.16)
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These velocity components are in accord with those given by Lighthill (1957 ¢).
Although they have been derived only for y > 0, a consideration of the effect
of reversing the direction of the y-axis shows that the formulae all hold unchanged
fory < 0.

Lighthill deseribed the infinity in % as ‘an extremely discouraging feature’.
The author’s view is rather more optimistic. The occurrence of the infinity em-
phasizes the artificial nature of the assumption that the uniform shear extends
indefinitely in all directions. In practice there are always constraining boundaries
to limit the drift of streamlines. For that is what causes the trouble in (6.18). The
displacement d in the y-direction of streamlines between x = 0 and = + oo,
as given by (4.12), is logarithmically infinite. This is nothing peculiar to shear
layers; the same is true for the flow with circulation past a cylinder. But it does
indicate that in any attempt to make measurements of the Pitot-tube displace-
ment effect the nature of the boundaries to the shear flow, however distant, has a
vital influence. In some cases (6.16) could probably be used quite effectively
by taking given undisturbed conditions to be attained not at x = —oo but
at some plausible position z = —x, If the shear flow terminates at planes
y = constant, the modified image source distribution may be determined as
shown below.

A more serious objection to placing reliance on the solution obtained in this
section is that the stream velocity falls to zero at y = —y,. This invalidates the
basic assumption on which the whole method of analysis is based, starting from
equations (2.1) and (2.2). Indeed we have no real reason to suppose that our solu-
tion is reliable anywhere, since the true source distribution m(y, ), if one exists,
might well obey conditions at y = —y, which are quite different from those
obeyed by the solutions (6.8) and (6.9).

7. Bounded shear flows

In flows occurring in practice it will happen only rarely that the velocity dis-
tribution U(y) in the undisturbed shear layer can be considered to have the same
simple analytic form for all 4. Either the flow will be terminated by solid or free
boundaries, or the velocity will become uniform outside a certain range of values
of y. The analysis given in this paper can be extended to determine the image
source distribution for streams in which the form U(y) changes abruptly at some
value y = —y,, the expressions for U(y) in both the regionsy > —y,andy < —y,
being ones for which solutions have been found. A discontinuity in U(y) at
Yy = —y, is permissible.

For simplicity we shall here examine in detail only the stream consisting of
simple shear flow U = a(y +y,) in the region y > —y, and uniform flow U = U,
in ¥y < —y,. There is then a velocity discontinuity U, —U, at y = —y,, where
U, = a(yo—1)-

The regions of the ys-plane in which m(y, s) has to be determined are shown
in figure 4. In 4 and A* the source distributions are given by equations (6.8)
and (6.9), since the hyperbolic nature of (6.1) shows that the effects of the change
at y = —y, cannot extend beyond the lines 2y—s+2y, =0 and s+ 2y, = 0.
From (4.1), m is independent of y for y < —y,, since U is constant, and in
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particular m = 0 in O*. The relations which hold across the line y = —y, are
now given by equations (3.3) and (3.4) as

(U2 + Ut m(—y1,8)c = 20, Uym(—y1,9) 5, (7.1)
m(—Yy, 2y —8)ps = am(—Y1,9)p, (7.2)

where a = (U2 —U2)/(U2 + U;2). We also see from (3.4) or (2.3) that there is a
concentrated source aMd(s+ 2y,) for y > —y, and hence, as for (4.8) and (6.4),
m has a discontinuity $aM(y+y,) on passing from A to B across the line
2y—s+2y, = 0.

7
—_—
Cc| B 4
*
— > - s y
4! 7 < =y o
7 > € !
/ »
/ A
£ >
c* B*
Fiaure 4. Undisturbed velocity distribution in & shear layer bounded at y = -y,

and the regions of the ys-plane in which m(y, s) has to be determined.

We require a more general solution of (6.3) than the form (6.8). If in (6.3) we
for convenience replace the arbitrary function G(s) by 4G”"(s) the equation
becomes

4 "
oy Y+ Y0} = (1= €+ 290) E(1), (7.3)
which gives on integration

m(Y +4o) = (1 —E+2y,) G'(1) — G(n) + F(£). (1.4)
Reverting to the variables (y, 8) we obtain as the general solution of (6.3)

m=TE=2y) 20y +yo) F(s) - G(6)
Y+¥Yo Y+Y

The solution (6.8) is given by F = }M(2y —s+¥,)/¥, G = 0 and also by F = 0,
G = $M(s+y,)/y,- The first of these forms of solution may be said to be propa-
gated in the y-direction (along lines £ = constant) and the second in the £-direc-
tion (along lines 7 = constant). It is a useful fact that either form is appropriate
for unlimited simple shear flow.

(7.5)
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In the present problem the solution in region 4 may be taken to be in the
n-direction, and consequently the same must be true in B, so that there

_ Fle=2y) (7.6)
Y+Yo
The boundary condition (7.2) combined with (4.1) gives
om a
—(—Yy,8) = —— —m(—1y;, 8), 7.7
oy (Y08 =g (=9 9) (7.7)
and on substituting the form (7.6) we obtain at once
(1-a) (2.1/—8)}
F = Fyexp|pr ™" 7.8
’ p[ 2(4o—41) (7:8)

provided that « + 1. The discontinuity of m on 2y — s+ 2y, = 0, as found above,
enables the constant Fj to be determined and gives us the final result for region B

Mf(a+1)y,— 2y} [(l—a) (2y—8+2y1)]
m = ex . 7.9
2y0(y + Yo) P 2(%0— Y1) (7.9)
Equation (4.2) now shows that in B*
M{(e+1)yo—2yg{l@—1)y+ay,—yi} [(1 —a)(s+ 2.1/1)]
m= ex . (7.10
2y0(Yo— 1) (¥ + o) Pl 20y0—9) (7.10)
When « = 1, (7.8) is replaced by F = F; and we obtain
M(Yo—y1)
— - \o  J1J 7.11
Yoly + Yo) (7.11)

inboth Band B*, as would be given by putting @ = 1 inequations (7.9)and (7.10).
In region C equations (7.1) and (7.9), and the condition that m is independent of
¥, show that

20Uy M{(a+1)y,—2y,} [(“"1)3] n
_ , 12
U2+ Ug? 296(Yo— Y1) ex 2(Yo— Y1) ( )

and from (2.3) there is in addition a concentrated source

20, U,
T
fory < —y,.

When & = 1, U, = c0. Such a stream could not be deflected by any finite pres-
sure force, so the solution applies for a solid wall at y = —y,. Other cases of
Practical interest are a = 0, corresponding to no discontinuity of stream velocity
at y = —y,; but merely a change from uniform shear to constant velocity, and
a = — 1, for which the fluid in the region y < —y, is at rest. Since —1 < a <1
the image source strength in both B and B* decreases exponentially with dis-
tance from the origin (except when « = 1), provided that y, > y,, i.e. provided
that there is no plane of zero stream velocity in the physical flow. If y, < y, the
sources increase exponentially with distance, which again emphasizes the un-
reality of solutions for streams in which the velocity passes through zero.

37 Fluid Mech. 9
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The calculation of the velocity fields corresponding to these source distribu-
tions is a straightforward extension of that for an unbounded simple shear flow,
although unless o = 1 the results cannot be expressed in terms of elementary
functions. For a = 1, with a solid wall at ¥y = —y,, the image source distribution
in terms of the co-ordinates § and ¢ of (6.10) is given by

2%9_:—;’: (6 > y+2y),
syom | 1—y—+—y—o (y+2y, >0 >y), r -
. _l_ﬂ% Y+2y1> ¢ >y

2002 @eye.

The integrations to find the velocity components are so similar to those of §6
that it will be sufficient to quote the results.

M 1 z {1 1 2(yo—Y)x
+ (==} T I
47’(?/"‘?/0){ W+y °)( rla) yo( ) upTy(ry+ 4+ 2,)

7'1 r
y y+2y, 1 r-z]}
_ + +—1lo , (114
[r(r—x) -2 r—z)r 71

U,.Jli{ﬁﬁ/_tﬂl.ql(l_l)}, (7.15)

dm\rd r®  y,\nmp 7

1. 1), z2(1_1 M}
{Z(y+y0) ("'3 +7'13) +?/o (7'1 7') +?/o7'1(7'1+?/+ 24}’ (7.16)

where 7, = {22+ (y + 2y,)® + 2%} is the distance from P to the concentrated image
source M at 8 = — 2y,. The term in % enclosed in square brackets represents the
convective component u,, and the arbitrary function of y and z appearing in it
has been chosen so that %, > 0 as £ > — co. The difficulty in this respect for an
unlimited shear layer no longer arises, for any value of a.

The value (u,,v,,w,,) of the perturbation velocity at the wall is found by
putting ¥ = —y,, 7, = r = (224 y,2+22)} in equations (7.14), (7.15) and (7.16).
The result is

. S
4m(y +Y,)

Yo _ Y M{I 1 } (7.17)

z z  2r 773 Yor(r+uyy))’

8. Shear flow in a channel

When the shear flow is bounded both above and below, at ¥ = y, and at
¥ = —¥,, an infinite series of regions in the ys-plane has to be considered, cor-
responding to multiple reflexions in the boundaries. The regions are periodic in the
s-direction with period 2(y, +y,), as illustrated in figure 5. For simple shear flow
U = a(y+y,) with solid boundaries at y = y, and y = —y, the image source
distributions in 4 and B are given by equations (6.8) and (7.11). The source
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distribution in C' may also be deduced from (7.11) by reversing the direction of the
y-axis and replacing y, by —y, and ¥, by y,. We find that in C

__Myo+ys,)

Yol +¥o) (8.1)

and we also see that there is concentrated source Md(s— 2y,) for y < y,. Since
the solution in the whole region made up of 4, B, C' and D must be expressible
in the form (7.5), and so is the sum of solutions propagated in the £- and #-direc-
tions,

mA+mD = mB+mc, (8.2)
which shows that in D
_ M2y —s+2y,+2y,+Y,) (8.3)
2yo(y + Yo)
‘/”
E
D
C
LLLLLLLLLLL LY B/4
k) .
L § Y Y
77_73; 4
*
I / “
i /
: // B*/D*
i/ F*
1/
—y,"
E)’ G*

Figure 5. Undisturbed velocity distribution in a shear layer bounded at ¥ = —y, and
at ¥ = y,, and the regions of the ys-plane in which m(y, 8) has to be determined.

The regions D and A* are seen from figure 5 to be geometrically identical, and
furthermore a comparison of equations (6.9) and (8.3) shows that the source
strengths at corresponding points are equal, since the point (y, s) in D corresponds
to the point (y, s — 2y, —2y,) in 4*. Since conditions in D completely determine
the source distribution in more distant regions it is clear that m is periodic in the
s-direction, with period 2(y; +y,); in particular m = 0 in regions £, F, E* and F*.
This is not true if the boundaries at y = —y, and y = y, are not solid, for then
the source strengths in B and C vary exponentially with s, as shown by equations
(7.9) and (7.10).

The evaluation of the velocity components corresponding to the periodic
source distribution is aided by a formula derived by Olver (1949) and Reuter

37-2
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(1949) which expresses the potential of an infinite row of point sources as a series
of Bessel functions. The formula states that if (n) = {22+ (y —n)3}~%, then
3 k(n) = ¥ Ky (2ntz) cos (2mty) + constant. (8.4)
—® =1
Since Ky(z) ~ (7/2z)e* as z -> oo, the series converges rapidly unless x is very
small. This formula and its derivatives with respect to x and y lead to the following
results:

I . S (ﬂt(xz—}-zz)i)( Yo oos T o T )sin"t(y+y1),
TYo(Y1+Y2)e=1 Y1+Ys YitYs Y1t Ye Y1+Ys Y1+Y
(8.5)
YU W _ M {Qo:yl) (Yo+Y2)
x Z Yoyt s Y+ ) (@@ +22R L 2022+ 22)h

® 2 214
+ 3K, (ﬂt(x +2%) )( Y, cos Yy, —sin mty, )
1=1 Y1+Y: Yit¥ Nt¥e ?/1}79‘2

Ty +y1) Y1ty . 7HYe +y1))}

X ((y+yo) cos Yt 7, - sin . . {8.6)
To these velocity components must be added the convective velocity component
u,, given by (4.13), which requires numerical integration.

At values of (22 + 22)} which are not large enough for the expansions to converge
satisfactorily, the velocity components due to the nearest regions in the ys-plane
may be calculated directly, and the source distribution in more distant regions
may be replaced by a smoothed-out source of constant strength in the s-direction.

The bounded shear flows treated in this paper are only samples of the many
types which may be successfully studied by use of the method of images. The
techniques developed here and simple extensions of them lead to useful quan-
titative results in many other cases of interest, but the number of possible con-
figurations is so large that there seems little point in attempting to compile a
comprehensive list of solutions.
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